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:  � b�� .Ay�rbly¡ �ºAS� H �y� λ ∈ C ¤ S, T ∈ L(H) �ky� ( 6) :�¤±� �§rmt��

.(ST )∗ = T ∗S∗ .(1)

〈STx, y〉 = 〈Tx, S∗〉

= 〈x, T ∗S∗y〉 ⇒ (ST )∗ = T ∗S∗.

kerT = (ImT ∗)⊥. .(2)

x ∈ kerT ⇐⇒ 〈Tx, y〉 = 〈x, T ∗y〉 = 0,∀y ∈ H

⇐⇒ x ∈ (ImT ∗)⊥.

.λ ∈ σ(T )⇒ |λ| ≤ ‖T‖L .(3)

 A� |λ| > ‖T‖L  A� �Ð� ,{yqn�� Hk`�� �Am`tF�A�

‖I + 1

λ
(T − λI)‖L =

‖T‖L
|λ|

< 1

.λ ∈ ρ(T ) ¢n�¤ 	lql� ��A� (T − λI)  Ð�

E w�� E �� T �r�¥� �r`� t ∈ [0, 1] �� ��� �� ,E = L2([0, 1],R) �ky� ( 8) :¨�A��� �§rmt��

Tx = tx(t) ¨�At�A�

.¢my\� 	s�� �� ,� ¤d�� T  � �y� .(1)

|Tx|2 ≤ t2|x|2 ⇒ ‖Tx‖2L2 ≤ ‖x‖2
∫ 1

0

t2dt

⇒ ‖Tx‖2L2 ≤
1

3
‖x‖2

⇒ ‖Tx‖L2 ≤ 1√
3
‖x‖.

¢n�¤ ‖Tx‖L2 = 1 ¤ ‖Tx‖L2 = 1√
3
An§d� x0 = 1 ��� ��

‖Tx‖L2

‖x‖L2

=
1√
3
≤ sup

0≤t≤1

‖Tx‖L2

‖x‖L2

= ‖T‖L(L2) ⇒
1√
3
≤ ‖T‖L(L2)

‖T‖L(L2) =
1√
3
. ¢n�¤
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.¢sfn� An§r� T  � b�� .(2)

〈Tx, y〉 =
∫ 1

0

tx(t)y(t)dt

=

∫ 1

0

x(t)ty(t)dt

⇒ T ∗y(t) = ty(t) = Ty(t).

.Ty��Ð Tmy� T§� �bq§¯ T  � �y� .(3)

T� A`m�� �q�§ �¤d`� ry� x d�w§ ¢�A� T þ� Ty��Ð Tmy� λ �A� �Ð�

tx(t) = λx(t) V (t− λ)x(t) = 0,∀t ∈ [0, 1]⇒ x = 0

.�¤d`� ry� ����  w� {�An� �@¡¤

.σ(T ) ⊆ [0, 1]  � �tntF� .E Yl� �rmts� A�wlq� �bq§ (T − λI) r�¥m��  A� λ 6∈ [0, 1]  A� �Ð� ¢�� �y� .(4)

 Ð� λ 6∈ [0, 1]  � |rfn�

d(λ, [0, 1]) = inf
t∈[0,1]

d(λ, t) = m > 0

L2([0, 1],R Yl� rmts�¤ 	lql� ��A� (T − λI)  � �ybn�

y = (T − λI)x = (λ− t)x⇒ x =
1

λ− t
y

rmts� ¢�� �ybn�¤ L2([0, 1],C) Yl� �r`� ¤ ¨W� (T − λI)−1 r�¥m��  Ð�

‖(T − λI)−1x‖L2 = ‖ 1

λ− αn
x‖L2 ≤ 1

m
‖x‖L2

⇒ (T − λ)−1 ∈ L(L2)

⇒ λ ∈ ρ(T ) V λ 6∈ [0, 1] V λ 6∈ σ(T )

σ(T ) ⊆ [0, 1]. d�� ��zltF¯� �@h� {yqn�� Hk`�� @�A�

n �¤d`� ry� ¨`ybV  d� �� ��� �� �r`� C ¨�  ¤d�� Ty�Att� (αn) �kt� ( 6) :��A��� �§rmt��

Tx = αnx �r�¥� x = (xn) ∈ `2(C ¤

.� ¤d�� T  � �y� �� , Tx ∈ `2(C)  � �q�� .(1)

∞∑
n=1

|Tx|2 =

∞∑
n=1

(αnxn)
2 ≤ sup

n≥1
|αn|2

∞∑
n=1

|xn|2 <∞Tx ∈ `2(C).

‖Tx‖2`2 =

∞∑
n=1

(αnxn)
2 ≤ ‖α‖2∞ ⇒ ‖Tx‖`2 ≤ sup

n≥1
αn‖x‖`2

.T ∗ �§rq�� r�¥m�� d�¤� .(2)

〈Tx, y〉 =
∞∑

n=1

αnxnyndt =

∫ 1

0

x(t)ty(t)dt⇒ T ∗y = αny.
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.T þþ� Ty��Ð Tmy� ¨¡ αn, n ≥ 1 �� ��� �� b�� .(3)

�¤d`� ry� ®� Ty�At�� T� A`m�� lb� �Ð� T r�¥ml� Ty��Ð Tmy� λ  wk�

αnx = λx⇒ λ = αn,∀n ≥ 1

n �� ��� ��  Ð� .en w¡¤ �¤d`� ry� �� d�w§ λ = αn ��� �� �@k¡¤ e1 w¡¤ �¤d`� ry� �� d�w§

.Ty��Ð Tmy� αn N ��
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